The quantum anomalous Hall effect, an exotic topological state first theoretically predicted by Haldane and recently experimentally observed, has attracted enormous interest for low-power-consumption electronics. In this work, we derived a Schrödinger-like equation of phonons, where topology-related quantities, time reversal symmetry and its breaking can be naturally introduced similar as for electrons. Furthermore, we proposed a phononic analog of the Haldane model, which gives the novel quantum (anomalous) Halllike phonon states characterized by one-way gapless edge modes immune to scattering. The topologically nontrivial phonon states are useful not only for conducting phonons without dissipation but also for designing highly efficient phononic devices, like an ideal phonon diode, which could find important applications in future phononics.
The discovery of the quantum spin Hall (QSH) effect and topological insulators (TIs) [1] [2] [3] that are new states of quantum matter has revolutionized the research of condensed matter physics and material science [4] [5] [6] . The quantum anomalous Hall (QAH) effect, a quantum Hall (QH) effect without Landau levels, represents another type of topological state with broken time reversal symmetry (TRS). It was theoretically predicted by Haldane in 1988 [7] and has been experimentally observed in a magnetic-doped TI recently [8] . Both the QSH and QAH effects can provide dissipationless conduction channels on the edges like the QH effect, but with no need of external magnetic field, which are useful for low-power electronics, thermoelectrics, topological quantum computation, etc [4] [5] [6] 9] .
On the other hand, the fast-growing field of phononics has attracted intensive research interest [10, 11] , but new ideas and devices are demanded to manipulate phonons efficiently. While in principle phonons cannot have the QSH effect due to the lack of the spin degree of freedom, they are theoretically allowed to have the QH or QAH effect. As learned from electrons, the QH and QAH effects are characterized by a topological invariant called Chern number of the first class, which is defined as an integration of the Berry curvature over the Brillouin zone and can be nonzero only for broken TRS [12] . Nontrivial topological states with nonzero Chern number have been well established for photons [13] [14] [15] and recently reported for phonons, acoustic or mechanical systems [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . As demonstrated by these previous works, topological quantities (like Berry curvature, Berry phase and Chern number) are independent of particle statistics and can be defined for phonons as for electrons. The phononic states with nonzero Chern number give the Q(A)H-like edge states of phonons, which are topologically protected to be gapless, one-way and immune to backscattering [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
However, it is experimentally more challenging to realize strong TRS breaking effects for phonons than for electrons, since phonons are neutral excitations and couple weakly with magnetic field. Theoretically, a few works proposed to break TRS of phonons by spin-lattice interactions in magnetic materials, Coriolis/magnetic field and optomechanical interactions [17, 19, 20, 22, [28] [29] [30] . But a unified theoretical description of all these interactions is still lacking. Moreover, theoretical approaches are to be developed for investigating quantum transport of phonons with broken TRS. Further study of TRS-breaking and topological effects for controlling phonons in unprecedented new ways is crucial to develop future phononics. Furthermore, fundamental theoretical models like the Kane-Mele model [1] and the Haldane model [7] have been demonstrated to be useful for the study of topological states of electrons [31] . Their phononic analogs are yet to be developed. The exploration of these key issues and related potential applications is of critical importance, since the marriage of topology and phononics could bring in a new paradigm phononics-"topological phononics", which utilizes novel quantum degrees of freedom like the Berry phase and topological order to control phonons, and may find important applications in heat dissipation, thermoelectrics, thermal insulation, phononic devices, etc [11] .
In this Letter, we propose a Schrödinger-like equation of phonons in the extended coordinatevelocity space, so that the influence of TRS is properly included and topological concepts are naturally generalized from electrons to phonons, which offers a general theoretical framework for the study of topological phononics. Then we develop a phononic analog of the Haldane model describing the novel quantum (anomalous) Hall [Q(A)H]-like phonon states. The exotic topological phonon states support one-way gapless edge states immune to scattering. As potential applications, we suggest some unprecedentedly new phononic devices, including low-power phononic circuits, highly efficient phonon valley filters and an ideal phonon diode. Our findings are of great importance to both fundamental research and device applications, shedding new light on the development of topological phononics.
The Lagrangian of a crystal lattice in the harmonic approximation is typically written as
where TRS breaking is crucial to realize topological phonon states with nonzero Chern number and to improve efficiency of phonon diode, as shown later. However, its influence on phonons has been rarely studied [17, 22, [28] [29] [30] . Theoretically, the TRS-breaking term that is physically allowed in a harmonic Lagrangian has the form
where the coefficient matrix η is real and antisymmetric, as proved in the Supplementary Material
Experimentally, TRS can be broken by (external or internal) magnetic field B. But unlike electrons, neutral phonons do not couple with magnetic field directly. Indirect coupling, however, is possible in ionic lattices by the Lorentz force on charged ions [17, 28] , or in magnetic lattices by the Raman spin-lattice interaction [17, 30] that was used to explain the phonon Hall effect observed experimentally [29] . Moreover, TRS can also be broken by Coriolis field Ω introduced through a rotating frame [19, 20] or gyroscopic coupling [21] . The Coriolis force 2mv × Ω (mass m and velocity v) has the similar form as the Lorentz force qv × B (charge q), thus the two kinds of fields are equivalent. The Lagrangian of Ω is described by Eq. (2), for which the submatrixη µν of η between atoms µ and ν isη
where δ µν is the Kronecker delta function. The Lagrangian of B is obtained correspondingly by
replacing Ω with qB/2m.
When the TRS-breaking term L ′ is included, the equation of motion of lattice vibrations be- 
k can be constructed by the eigenvalues and eigenvectors of D k . Thus the Hamiltonian can be built with eigenvalues and eigenvectors of D k . Based on the extended coordinate-velocity space, the phonon wavefucntion and all topology-related quantities (like Berry curvature B k and Chern number C) can be defined similar as for electrons [32] , which was discussed previously by using a non-Hermitian Hamiltonian [17, 32] . The equation has an intrinsic "particle-hole" symmetry that guarantees (ω k , ψ k ) and (−ω −k , ψ * k ) appear in pairs. Under inversion symmetry, ω k = ω −k and
In the following, we first present a general discussion on the differences between the problems of phonons and electrons, and then generalize the nonequilibrium Green's function (NEGF) method [34] [35] [36] to study quantum phonon transport with broken TRS.
Generally, the problem of phonons differs significantly from that of electrons at least on the following four aspects: Thus magnetic Bloch states and magnetic Brillouin zone are used to describe magnetic fields [37] .
In contrast, we are able to use the usual Bloch states and Brillouin zone to study phonons under magnetic (or TRS breaking) fields, because phonons as neutral elementary excitations do not have the Aharonov-Bohm phase. Importantly, TRS-breaking fields break the rigid translational symmetry and the acoustic sum rule, which splits the acoustic bands at the Γ point [see Fig. 1(d) ].
For phonon transport, the NEGF method has been widely used to study the problem quantum mechanically, which is able to describe linear phonon systems accurately and provide a systematic way to treat many-body interactions [34] [35] [36] . However, the existing NEGF method works only for phonons with TRS. The approach has to be generalized to describe phonons with broken TRS.
Here based on the Schrödinger-like equation of phonons, we derive a generalized formalism of the NEGF method for exploring the effects of TRS breaking in quantum phonon transport.
An infinite transport system has infinite number degrees of freedom. To make the problem solvable, the transport system in theoretical calculations is usually divided into three parts: the , where R and Q are Hermitian matrices defined by D and η (see details in the SM [32]). Thus we can avoid using D 1/2 and define a new Green's function:
In this new picture, interatomic couplings as described by D are typically short-range. Thus we can calculate self energies Σ L and Σ R of the semi-infinite leads iteratively as done previously for systems with TRS [35, 36] . The key quantity to be calculated is the Green's function of the center part G C . For simplicity the subscript "C" is omitted hereafter. G r(a) of the center part can be calculated by the Dyson equation:
where G 0 is the free Green's function of the center part decoupled from the reservoirs. With the calculated Green's function, any single-particle quantities can be obtained [35, 36] , including the phonon transmission function from the left lead to the right lead, which is given by
where
. Next we apply the developed theory to study the in-plane vibrations of a two-dimensional honeycomb lattice [ Fig.1(a) ], a model system used for investigating the QSH and QAH effects of electrons [1, 7] . The in-plane vibrations of the honeycomb lattice with broken TRS and the appearance of QAH-like states of phonons have been studied previously by using different theoretical methods [17, 19, 20] We name it the Dirac gap and discuss its topological nature below. To study the interplay of symmetry and topology, we derive an effective Hamiltonian for phonons near the Dirac point based on symmetry analysis [32]:
where k is referenced to K (K ′ ) and ω k to ω D . σ and τ are the Pauli matrices with σ z = ±1
and τ z = ±1 referring to A(B) sublattice and valley index K (K ′ ), respectively. This Hamiltonian gives the linear gapless phonon dispersions ω k = ±v D |k| near the K and K ′ points. The same
Hamiltonian has been used to describe the Dirac electrons of graphene [5, 31] .
When breaking inversion symmetry, a mass term is added into the effective Hamiltonian
. This is a Semenoff model [38] for phonons. The Semenoff-type mass term has minor effect on the whole phonon dispersion except around the Dirac point, where
I and a band gap of 2m I is opened at the Dirac point [ Fig.1(c) ]. When breaking TRS, another kind of mass term is added into the effective Hamiltonian
where 2 , opening a band gap of 2m T τ z at the Dirac point [ Fig.1(d) ]. This band gap has opposite signs at the K and K ′ points, indicating an inverted band order. To smoothly transform into trivial insulators in the atomic limit, a band inversion must happen and the band gap must be closed at the critical transition point. In contrast, the band gap generated by H ′ I has the same sign at the K and K ′ points, which can be adiabatically connected to trivial atomic insulators. Therefore, the Dirac gap induced by H ′ T and H ′ I belong to two different topological classes. One is topologically nontrivial, the other is trivial.
Importantly, Eqs. (8) and (10) are reminiscent of the well-known Haldane model [1, 7] , the first model of the QAH effect of electrons. This exotic quantum effect has recently been experimentally observed in a magnetic-doped TI [8] . We propose a phononic analog of the Haldane model, which gives the novel Q(A)H-like phonon states, as we will demonstrate. More advantageous than the original Haldane model [7, 39] , this model requires no complicated magnetic flux and does not give a vanishingly small band gap caused by local orbital constraints [32] .
To verify the topological nature, we calculate the Berry curvature and Chern number of the Dirac gap, as shown in Fig. 1 . Moreover, we compute the phonon band structure for a nanoribbon structure with m T = 0.1, showing the existence of the one-way edge phonon modes [ Figs. 2(a,b) ], as investigated before in previous works [19, 20] . Furthermore, we perform transport calculations by the generalize NEGF method [32] to explore disorder effects, which clearly proves that the oneway edge states remain ballistic irrespective of the disorder [ Fig. 2(c) ]. More details are described in the SM [32] .
Remarkably, the valley degree of freedom can be significantly tuned by breaking inversion symmetry and TRS simultaneously, offering new opportunities for valley phononics. Specifically, the two Dirac gaps at the K and K ′ valleys change independently when varying m I and m T : One determines the band topology of the Dirac gap, as summarized in the phase diagram of Fig. 3(a) , which provides a guidance for designing topological phononics. As a potential application, the one-way edge states, which can act as dissipationless conducting wires of phononic circuits, could be patterned in a controlled way as illustrated in Fig. 3 Another promising application of the one-way edge states is phonon diode, a key component of phononics, which conducts phonons in one direction but blocks phonons in the opposite direction.
A general theorem tells that the diode effect is zero in linear lossless systems with TRS for waves of any nature [41] . Thus one may design phonon diode based on nonlinearity or TRS breaking.
Previous research mainly tried the way of nonlinearity, obtaining extremely low efficiencies [42, 43] . This could be explained by the fact that the forward-and backward-moving states would always appear in pairs when having TRS. We suggest to break TRS for disentangling the forwardand backward-moving states, thus improving the diode effect. The unique one-way edge states perfectly fit the purpose.
To see diode effect explicitly, we considered a typical two-terminal transport system and simulated phonon transport by the generalized NEGF method [32] [ Fig. 4(a) ]. Unfortunately, the calculated diode effect is always zero for both the bulk and edge states, despite trying different parameters and disorders. Actually, this conclusion generally applies to two-terminal coherent transport, explained by the unitary condition of the scattering matrix (proved in the SM [32]). This is straightforward for the one-ways edge states, whose diode effect gets cancelled by the two opposite edges. Then we turn to study a three-terminal transport system, which was investigated previously for an acoustic isolator [44] . There, the one-way edge states is able to give perfect diode effect between any two of the terminals. For instance, the edge states flow from the terminal A to B without any scattering, and the back flow from B to A is exactly zero (the input from B all flows out through C). This physical picture is verified by the transport calculations [ Fig. 4(b) ]. An ideal phonon diode is thus realized by the one-way edge states in a multi-terminal setup. As far as we know, this is the first model of ideal phonon diode, which is promising for future phononics.
For generic phonon states, we propose a concept of selective scattering to enhance the diode effect based on TRS breaking [illustrated in Fig. 4(c) ], which are described in the SM [32] and will be explored in our future work. Our findings of topological phononics and related device applications could also be applied to control sound and heat, although the manipulation of heat conduction is relatively more challenging because all the thermally excited phonons are involved in the process.
Many two-dimensional materials are known to be Dirac electronic materials, including graphene, silicene, germanene, stanene, graphynes, several boron and carbon sheets, etc. [45] .
